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^ ■ Abstract 

O I We present a systematic and detailed review of the application of the method of 

OO I Hirota and the rational dressing method to abelian Toda systems associated with 

the untwisted loop groups of complex general linear groups. Emphasizing the ra- 
. tional dressing method, we compare the soliton solutions constructed within these 

two approaches, and show that the solutions obtained by the Hirota's method are 
^ ■ a subset of those obtained by the rational dressing method. 



1 Introduction 

(N \ 

^ ! Two-dimensional Toda equations associated with loop groups^ are very interesting 
Q\ I examples of completely integrable systems, see, for example, the monographs [1, 2]. 
^ I They possess soliton solutions having a nice physical interpretation as interacting ex- 
tended objects. Actually there is no a clear definition of a soliton solution. In the 
^ ■ present paper we call a solution of equations an n-soliton solution, if it depends on n 
00 ! linear combinations of independent variables. 

i Soliton solutions for Toda equations can be constructed with the help of various 

. ^ I methods. As far as we know, first explicit solutions of Toda equations associated with 
^ ' loop groups were found by Mikhail ov [3]. He used the rational dressing method be- 
■ ing a version of the inverse scattering method [4]. Note that in general the solutions 
obtained by Mikhailov are not soliton solutions. Besides, they are described by a re- 
dundant set of parameters. 

Another method used here is the Hirota's one. Its essence [5] is a change of the 
dependent variables which introduces the so called T-functions. Here the final goal is 
to come to some special bilinear partial differential equations which are solved then 
perturb atively. The soliton solutions arise when the perturbation series truncates at 
some finite order. This method was applied to affine Toda systems, for example, in 
the papers [6, 7, 8, 9, 10]. The main disadvantage of the Hirota's method is that there 
is no a regular method to find the desired transformation from the initial dependent 



^Sometimes one deals with Toda equations associated with affine groups being central extensions of 
loop groups. Usually it is possible to construct solutions of the equations associated with affine groups 
starting from solutions of the equations associated with loop groups. 
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variables to T-functions. Therefore, sometimes it is used in combination with other 
methods that helps to obtain a desired ansatz, see, for example, the papers [11, 12]. 

There are also two additional approaches to the problem, being a development of 
the Leznov-Saveliev method [13, 14, 15], and of the Backlund-Darboux transforma- 
tion [16, 17, 18, 19, 20]. These methods give the same soliton solutions as the Hirota's 
one and are not in the scope of the present paper. 

Basic purpose of our review is to reproduce, in a possibly systematic and detailed 
way, the application of the Hirota's and rational dressing methods to Toda systems 
associated with the untwisted loop groups of complex general linear groups, making 
an emphasis on the rational dressing method, and compare the soliton solutions con- 
structed along these approaches. We show that all soliton solutions obtained by the 
Hirota's method are contained among the solutions obtained by the rational dressing 
method. 

2 Equations 

2.1 Zero-curvature representation of Toda equations 

It is well known that Toda equations can be formulated as the zero- curvature condi- 
tion for a connection of a special form on the trivial fiber bundle x ^ ^ R-^, where 
^ is a Lie group with the Lie algebra C5. The connection under consideration can be 
identified with a 6-valued 1-form O on R^. One can decompose such a connection 
over basis 1 -forms as 

O = O-dz- + 0+dz+, 

where z~, z+ are the standard coordinates on the base manifold R^, and the compo- 
nents 0-, 0+ are (5-valued functions on it. Let us assume that the connection O is flat 
that means that its curvature is zero. This condition in terms of the components has 
the f orm^ 

d-O+-d+O- + [O-,O+]=0. (2.1) 

One can consider this relation as a system of partial differential equations. In a sense, 
this system is trivial, and its general solution is well known. It is given by the relations 

where <P is an arbitrary mapping of R^ to ^. Actually the triviality of the zero-curvatu- 
re condition is due to its gauge invariance. That means that if a connection O satisfies 
(2.1) then for an arbitrary mapping Y of R^ to Q the gauge transformed connection 

qY ^ Y-^OY + Y-^dY, (2.2) 

satisfies (2.1) as well. 

To obtain a nontrivial integrable system out of the zero-curvature condition one 
imposes on the connection O some restriction destroying the gauge invariance. For 
the case of Toda equations they are the grading and gauge fixing conditions which are 
introduced as follows. 

•^We use the usual notation 3_ = d/dz~ and 3+ = 3/3z+. 
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Suppose that the Lie algebra is endowed with a Z-gradation, 

keZ 

and that a positive integer L is such that the grading subspaces (S^, where < |A:| < L, 
are trivial.^ The grading condition states that the components of O have the form 

O- = O_o + O-L, 0+ = O+o + O+L, (2.3) 

where O-o and O+o take values in (Sq/ while O-l and O+i take values in &-i and 
0+L respectively. There is a residual gauge invariance. Indeed, the gauge transforma- 
tion (2.2) with Y taking values in the Lie subgroup Qo corresponding to the subalgebra 
6o does not violate the validity of the grading condition (2.3). Therefore, one imposes 
an additional condition, called the gauge fixing condition, of the form 

O+o = 0. 

After that one can show that the components of the connection O can be represented 

as 

O- = E-^d-E + T-, 0+ = E-^T+E, (2.4) 

where S is a mapping of to Qo, T- and J-+ are some mappings of to C5_l and 
Orie can easily get convinced that the zero-curvature condition is equivalent to 
the equality^ 

a+(S-ia_S) = \T-,E-^T+E\ (2.5) 

and the relations 

a+jr_ = 0, a_jr+ = o. (2.6) 

One supposes that the mappings T- and T+ are fixed and considers (2.5) as an equa- 
tion for E called the Toda equation. When the group Qo is abelian the corresponding 
Toda equations are called abelian. 

Thus, a Toda equation associated with a Lie group Q is specified by a choice of 
a Z-gradation of the Lie algebra (J5 of ^ and mappings JF_, JF_|_ satisfying the condi- 
tions (2.6). To classify the Toda equations associated with a Lie group Q one should 
classify Z-gradations of the Lie algebra (S of ^. 

Two remarks are in order. First, let Z be an isomorphism from a Z-graded Lie 
algebra to a Lie algebra 9}. One can consider as a Z-graded Lie algebra with 
grading subspaces i^^ = Z((J5fc). In such situation, one says that Z-gradations of 6 and 
f) are conjugated by Z. Now let the Lie algebra 6 of the Lie group Q be supplied with 
a Z-gradation, and a be an isomorphism from to a Lie group H.. Denote by Z the 
isomorphism from the Lie algebra (J5 to the Lie algebra of the Lie group H induced 
by the isomorphism a. It is clear that if S is a solution of the Toda equation (2.5), then 
the mapping 

E' = (XoE (2.7) 

''it can be shown that rejecting this restriction we do not come to new Toda equations, see the pa- 
per [21]. 

^We assume for simplicity that is a subgroup of the group formed by invertible elements of some 
unital associative algebra A. In this case © can be considered as a subalgebra of the Lie algebra associ- 
ated with A. Actually one can generalize our consideration to the case of an arbitrary Lie group Q. 
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satisfies the Toda equation (2.5) with the mappings T-, !F+ replaced by the mappings 

j:'_=ZoT-, T\ = Zo T^. (2.8) 

In other words, the solutions to two Toda equations under consideration are con- 
nected via the isomorphism cr, and in this sense these equations are equivalent. Thus, 
to describe really different Toda equations it suffices to consider Lie groups and Z- 
gradations of their Lie algebras up to isomorphisms. 

Secondly, let 0_ and 0+ be some mappings of to which satisfy the conditions 

a+0_ = 0, a_0+ = 0. 

If a mapping S satisfies the Toda equation (2.5), then the mapping 

S' = 0+1 S0_, (2.9) 

satisfies the Toda equation (2.5) where the mappings are replaced by the map- 

pings 

T'_ = 0zijr_0_, jr; = 0;ijr+0+. (2.10) 

Again, the Toda equations for S and S' are not actually different, and it is natural to 
use the transformations (2.10) to make the mappings as simple as possible. 

If the mappings 0_ and 0-|- are such that 

@-_^T-@- = T-, 0;^ ^"+0+ = T^. 

then the mapping S' satisfies the same Toda equation as the mapping S. Hence, in 
this case the transformation described by relations (2.9) is a symmetry transformation 
for the Toda equation under consideration. 

2.2 Toda equations associated with loop groups of complex simple 
Lie groups 

Let g be a finite dimensional real or complex Lie algebra. The loop Lie algebra of 0, 
denoted >C(0), is defined alternatively either as the linear space C°°(Si,g) of smooth 
mappings of the circle to g, or as the linear space C^(R,0) of smooth 27r-periodic 
mappings of the real line M to g with the Lie algebra operation defined in both cases 
pointwise, see, for example, [22, 23, 24]. In this paper we adopt the second definition 
and think of the circle as consisting of complex numbers of modulus one. There is 
a convenient way to supply £(g) with the structure of a Frechet space, so that the Lie 
algebra operation becomes a continuous mapping, see, for example, [25, 23, 24]. 

Now, let G be a finite dimensional Lie group with the Lie algebra g. We define 
the loop group of G, denoted £(G), as the set C^{S^ , G) of smooth mappings of to 
G with the group law defined pointwise. We assume that C{G) is supplied with the 
structure of a Frechet manifold modeled on £(g) in such a way that it becomes a Lie 
group, see, for example, [25, 23, 24]. The Lie algebra of the Lie group £(G) is naturally 
identified with the loop Lie algebra £(0). 

Let A be an automorphism of a finite dimensional Lie algebra g satisfying the rela- 
tion = idg for some positive integer MP The twisted loop Lie algebra jCA,M{d) is a 

^Note that we do not assume that M is the order of the automorphism A. It can be an arbitrary 
multiple of the order. 
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subalgebra of the loop Lie algebra C{q) formed by elements ^ that satisfy the equality 

aeMp) = Aiap)i 

where cm = e^^^^^ is the Mth principal root of unity. Similarly, given an automor- 
phism fl of a Lie group G that satisfies the relation — idc, we define the twisted 
loop group £fl m(G) as the subgroup of the loop group C(G) formed by the elements 
X satisfying the equality 

xieMp) = aixip))- 

The Lie algebra of a twisted loop group £q^m(G) is naturally identified with the twis- 
ted loop Lie algebra jCa,m{q)/ where we denote by A the automorphism of the Lie 
algebra q corresponding to the automorphism a of the Lie group G. 

It is clear that loop groups and loop Lie algebras are partial cases of twisted loop 
groups and twisted loop Lie algebras respectively Therefore, below by a loop group 
we mean either a usual loop group or a twisted loop group, and by a loop Lie algebra 
we mean either a usual loop Lie algebra or a twisted loop Lie algebra. 

Now let us discuss the form of the Toda equations associated with a loop group 
Ca,Mi^)- -P^^^t ^^^^ th^t group Ca^M{G) and its Lie algebra >Ca,m(0) are 

infinite dimensional manifolds. It appears that it is convenient to reformulate the zero 
curvature representation of the Toda equations associated with £a,M(G) in terms of 
finite dimensional manifolds. To this end we use the so-called exponential law, see, 
for example, [26, 27]. 

Let A4, N , V be three finite dimensional manifolds, and M be compact. Consider a 
smooth mapping of to C°° {M , V). This mapping induces a mapping / of x A/" 
to V defined by the equality 

f{m,n) — {J^{in)){n). 

It can be proved that the mapping / is smooth. Conversely, if one has a smooth map- 
ping of M X J\f to V, reversing the above equality one defines a mapping of M. to 
C°°(J\f,T'), and this mapping is also smooth. Thus, we have the following canonical 
identification 

C~(M,C~(A/',P)) =C~(M xAA,P). 

It is this equality that is called the exponential law. 

In the case under consideration the connection components O- and 0+ entering 
the equality (2.1) are mappings of to the loop Lie algebra >C^^m(0)- We will denote 
the corresponding mappings of x to g by cv- and cv+, and call them also the 
connection components. The mapping <J> generating the connection is a mapping of 

to Ca,MiG). Denoting the corresponding mapping of Mp- x by ^ we write 

(p~^d-(p = CO-, (p~^d+(p = (2.11) 

Having in mind that the mapping cp uniquely determines the mapping 0, we say that 
the mapping cp also generates the connection under consideration. 
The relations (2.4) are equivalent to the equalities 
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where 7 is a smooth mapping of x to G corresponding to the mapping E, /_ 
and /+ are smooth mappings of x to the Lie algebra g of G corresponding to the 
mappings J^- and The mappings /_ and /+ satisfy the conditions 

a+/_ = o, a-/+ = o, (2.12) 

which follow from the conditions (2.6). The Toda equation (2.5) in the case under 
consideration is equivalent to the equation 

d+ij-'d-j) = [f-,T"V+T]- (2.13) 

To classify Toda equations associated with loop groups one has to classify Z-gra- 
dations of the corresponding loop Lie algebras. This problem was partially solved in 
the paper [24], see also [21]. In these papers the case of loop Lie algebras of complex 
simple Lie algebras was considered and for this case a wide class of the so-called in- 
tegrable Z-gradations [24] with finite dimensional grading subspaces was described. 
Actually it was shown that when g is a complex simple Lie algebra any integrable Z- 
gradation of a loop Lie algebra jCA,Mid) with finite dimensional grading subspaces is 
conjugated by an isomorphism to the standard gradation of anotiher loop Lie algebra 

M'ls)' where the automorphisms A and A' differ by an inner automorphism of q. 
In particular, if A is an inner (outer) automorphism of q, then A' is also an inner (outer) 
automorphism of q. 

Assume now that G is a finite dimensional complex simple Lie group, then its 
Lie algebra g is a complex simple Lie algebra. Consider a Toda equation associated 
with a loop group jCa,Mi^)- corresponding Z-gradation of Cj{^m{b) is conjugated 
by an isomorphism to the standard Z-gradation of an appropriate loop Lie algebra 
^A'M'id)- Since the automorphisms A and A' differ by an inner automorphism of q, 
the automorphism A' can be lifted to an automorphism a' of G, and the isomorphism 
from m(0) to ^A'M'id) under consideration can be lifted to an isomorphism from 
'^fl,M(G) to A/[/(G). Actually this means that the initial Toda equation associated 
with £a m(G) is equivalent to a Toda equation associated with Ca'^M'i^) arising when 
we supply Ca',m' (q) with the standard Z-gradation. 

The grading subspaces for the standard Z-gradation of a loop Lie algebra £a,m(0) 

are 

where by A we denote the restriction of the standard coordinate on C to S^. It is very 
useful to realize that every automorphism A of the Lie algebra g satisfying the relation 
A^ = idg induces a Z^-gradation of q with the grading subspaces^ 

0[fc]M = e I A{x) ^e\^x}, fc = 0,...,M-l. 

Vice versa, any ZM-gradation of g defines in an evident way an automorphism A of 5 
satisfying the relation A^ = idg. A Zjvf-gradation of g is called an inner or outer type 
gradation, if the associated automorphism A of is of inner or outer type respectively. 
In terms of the corresponding Z^-gradation the grading subspaces for the standard 
Z-gradation of a loop Lie algebra ^re 

^AM(0)fc = e Cam{q) I ^ = ^ e 0[fc]^}. 

^We denote by \k]M the element of the ring corresponding to the integer k. 
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It is evident that for the standard Z-gradation the subalgebra >Ca,m(0)o is isomor- 
phic to the subalgebra Q[o]j^ of q, and the Lie group Ca,M{G)o is isomorphic to the 
connected Lie subgroup Go of G corresponding to the Lie algebra Q[o]^- Hence, the 

mapping 7 is actually a mapping of to Gq. The mappings /_ and /+ are given by 
the relation 

f-{in,p) — p~^c-{fh), f+{fn,p) — p^c+{fn), m e M'^, pES^, 

where c_ and c+ are mappings of to d-[L]M ^^i^ Q+[L]f^ respectively. For the connec- 
tion components a;_ and (v+ we have 

cv- = 7"^a_7 + A"^c_, CV+ = A^7"^c+7, (2.14) 

and the Toda equation (2.13) can be written as 

a+(7-ia_7) = [c_,7-ic+7]. (2.15) 

The conditions (2.12) imply that 

d+c- = 0, a_c+ = 0. (2.16) 

It is natural to call an equation of the form (2.15) also a Toda equation. 

Let b be an automorphism of the Lie group G and B be the corresponding automor- 
phism of the Lie algebra q. The mapping cr defined by the equality 

is an isomorphism from >Ca,M(G) to Ca'^ui^)' where a' is an automorphism of G de- 
fined as 

a' = bab~^. 

It is clear that the mapping E defined by the equality 

Z(^) =Bo^, ^eCAMid)' 

is an isomorphism from CA,Mid) to ^a',m{q)' where A' is an automorphism of g cor- 
responding to the automorphism a' of G. With such isomorphism in the case under 
consideration the transformations (2.7) and (2.8) take the form 

7' = & o 7, 
c'_ — B o C-, c'_^ = Bo C-I-. 

If a mapping 7 satisfies the Toda equations (2.15), then the mapping 7' satisfies the 

Toda equation (2.15) where the mappings c , c+ are replaced by the mappings c'_ 
and c'_^_. Actually this means that Toda equations of the form (2.15) defined by means 
of conjugated Zjvi-gradations are equivalent. 

The transformations (2.9) and (2.10) take now the forms 

j' = f]+^jtj-, (2.17) 

C'_ = f]Z'^C-f]-, c+ = 7/+^C+7/+, (2.18) 
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where //- and r]+ are some mappings of M?- x to Go that satisfy the conditions 



d+f]- = 0, = 0. 



(2.19) 



Again, if a mapping 7 satisfies the Toda equations (2.15), then the mapping 7' satisfies 
the Toda equation (2.15) where the mappings c_, c+ are replaced by the mappings c'_ 
and c'_^_. If the mappings rj- and r]+ are such that 



V- 



-fj- — C- 



(2.20) 



then the transformation (2.17) is a symmetry transformation for the Toda equation 
under consideration. 

Thus, if G is a finite dimensional complex simple Lie group, then the Toda equation 
associated with a loop group £3 ^(G) and defined with the help of an integrable Z- 
gradation of ^(s) with finite dimensional grading subspaces is equivalent to an 
equation of the form (2.15). To describe all nonequivalent Toda equations of this type 
one has to classify finite order automorphisms of the Lie algebra q or, equivalently, its 
Z^-gradations up to conjugations.^ This problem was solved quite a long time ago, 
see, for example, [28, 29]. However, it appeared that the classification described in 
[28, 29] is not convenient for classification of Toda equations. Restricting to the case of 
loop Lie algebras of complex classical Lie algebras one can use another classification 
based on a convenient block matrix representation of the grading subspaces [30, 21]. 
Let us describe the main points of the resulting classification of Toda equations. 

Each element x of the complex classical Lie algebra g under consideration is consid- 
ered as a p X p block matrix (xa^), where x^fi is an x matrix. Certainly, the sum 
of the positive integers Hu is the size n of the matrices representing the elements of q. 
For the case of Toda systems associated with the loop groups £3 m(GL„(C)), where a 
is an inner automorphism of GL„(C), the integers are arbitrary. For the other cases 
they should satisfy some restrictions dictated by the structure of the Lie algebra g. 

The mapping 7 has the block diagonal form 



7 = 



/A 



V 



\ 



For each a = 1,. . .,p the mapping is a mapping of to the Lie group GL„^(C). 
For the case of Toda systems associated with the loop groups £fl^M(GL„(C)), where 
a is an inner automorphism of GL„(C), the mappings are arbitrary. For the other 
cases they satisfy some additional restrictions. 

The mapping C-|- has the following block matrix structure: 







C+i 




\C+o 









''strictly speaking, we have to consider only conjugations by automorphisms of g which can be lifted 
to automorphisms of G. 
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where for each a = 1, ...,/? — 1 the mapping C+a is a mapping of to the space 
of Hoc X n^j-i-i complex matrices, and C+o is a mapping of to the space of Up x ni 
complex matrices. The mapping c- has a similar block matrix structure: 



C_i 

■ ■ ■ 

V <^-(P-i) / 

where for each a. = 1, . . . ,p — 1 the mapping C « is a mapping of Ai to the space 
of ria+i X Ha complex matrices, and C-o is a mapping of M. to the space of tii x Wp 
complex matrices. The conditions (2.16) imply 

— d-C+oc — 0, oc — 0,1, ... ,p — 1. 

For the case of Toda systems associated with the loop groups Ca,M{GLn{C)), where a 
is an inner automorphism of GL„(C), the mappings C±a. are arbitrary. For the other 
cases they should satisfy some additional restrictions. 

It is not difficult to show that the Toda equation (2.15) is equivalent to the following 
system of equations for the mappings T^: 

3+ (rfia-A) = -rf ^c+ir^Ci + Cor-ic+ori, 

': (2.21) 

It appears that in the case under consideration without any loss of generality one 
can assume that the positive integer L, entering the construction of Toda equations, 
is equal to 1. Note also that if any of the mappings C+oc or C-a; is a zero mapping, then 
the equations (2.21) are actually equivalent to a Toda equation associated with a finite 
dimensional group or to a set of two such equations. 

2.3 Abelian Toda equations associated with loop groups of complex 
general linear Lie groups 

There are three types of abelian Toda equations associated with £a^M(GL„(C)). 
2.3.1 First type 

The abelian Toda equations of the first type arise when the automorphism A is defined 
by the equality 

A{x) = hxh~^, X G 5[„(C), 
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where his a diagonal matrix with the diagonal matrix elements 



hkk^el-^+\ k^l,...,n. (2.22) 

The corresponding automorphism a of GL„(C) is defined by the equality 

a{g) = hgh-\ g e GL„(C), (2.23) 

where again his a diagonal matrix determined by the relation (2.22). Here the integer 
M is equal to n, and A is an inner automorphism which generates a Z„-gradation of 
0[„(C). The block matrix structure related to this gradation is the matrix structure it- 
self. In other words, all blocks are of size one by one. The mappings Fa are mappings 
of to the Lie group GLi(C) which is isomorphic to the Lie group = C \ {0}. 
The mappings C±a are just complex functions on M?. The Toda equations under con- 
sideration have the form (2.21) with p — n. 

Let us describe the action of the transformations (2.17) and (2.18) on the equations 
(2.21) in the case under consideration. The mappings rj- and ;/+ have a diagonal form 
and we denote 

{ri-)oicc ^ H-cc, = a = l,...,n. 

The functions H-^ and H+a satisfy the relations 

a+H_« = 0, a_H+« = 0, 

which follow from the relations (2.19). In terms of the functions C-a and C+a the 
transformations (2.17) and (2.18) look as 



— H_^^r^H_^, (2.24) 



C-oc — H_} ^•.C_i^H_i^, C_|_^ — H_|_^C_,_^H / (2.25) 



Assume that the functions C-a and C+ot have no zeros. Let us show that in this case 
the functions H-^ and H+a can be chosen in such a way that C^^ = C_ and C^^ = C_,_ 
for some functions C_ and C+ which have no zeros and are subject to the conditions 

d+C- = 0, d-C+ = 0. (2.26) 

Indeed, let C_ and C+ be some functions which satisfy the equalities 

n n 

One can verify that the transformations (2.25) with 

" C " C+ji 

= n = n 7^ 

give the desired result, CL^ — C_ and C^^ = C_|_. The methods to find soliton solu- 
tions described below work for arbitrary functions C_ and C+. However, to simplify 
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formulas we will only consider the case when C- = m, and C+ 
nonzero constant. In other words, we will assume that 



m 



I 
1 



V 



1 \ 





1 ) 



c+ —m 



( 1 




Vi 



m, where mis a. 
\ 



1 
J 



{127) 



The equations under consideration take in this case the form 



(2.28) 



3+ (r-_\a_r„_i) 



-m\r-% - r-},r„). 



It is worth to note that when the functions C- and C+ are real one can come to the Toda 
equations with C_ = m and C-^ = mhy an appropriate change of the coordiaates z~ 
and z+. 

The symmetry transformations (2.20) for the system under consideration are de- 
scribed by the relations (2.24) where H-a. — H- and H+a — H+ for some functions 
H- and H-|- satisfying the conditions 



a+H_ = 0, 



d-H 



+ 



0. 



In particular, multiplication of all by the same constant is a symmetry transforma- 
tion. 

Defining 

one can easily see that 



r = rir2...r„. 



a+(r-ia_r) = Ea+(r-ia_rj. 



a+(r-ia-r) =0, 



Equations (2.28) give 
therefore, 

r = r+ri\ 

for some functions r_ and r+ which satisfy the relations 

a+r- = 0, d-r+ = o. 

Thus, if we perform the symmetry transformation (2.24) with H-g, and H+a given by 



H-« = r 



l/n 



H 



r 



l/n 



+ ' 
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we will obtain functions Fj which satisfy the Toda equations (2.28) and obey the equal- 
ity 

Actually this means that via appropriate symmetry transformations we can reduce 
solutions of the abelian Toda equations associated with the loop group of GL„(C) 
under consideration to solutions of the corresponding Toda equations associated with 
the loop group of SL„(C). 

Suppose now that we have a solution of the equations (2.28) with F — 1. The 
mappings F^^ior a = 1, . . . ,n — 1 axe independent. Introduce a new set of n — 1 inde- 
pendent mappings a — 1, . . . ,n — 1, defined as 

^a=f\ F^. 

It is easy to show that the inverse transition to the mappings Fa is described by the 
equalities 

Fi^<Pl, = 01-^02, ... Fn-l^<p-l2'^n-l, ^ ^'^v 

and that the mappings <t>oc satisfy the equations 

a+(<l>j"^a_<J>i) = -m^{^:[^^2 - ^n-i^i), 
9+(<J>^^9_cJ>2) = -m-^(<J>i 0^-^03 - <J>„_i<J>i), 

This system can be written in a more symmetric form. To this end one introduces an 
additional mapping Aq, which satisfies the equation 

and denotes 

Aoc = Aq0cc, (X = l,...,n-1. 
It is easy to see that the mappings A^, a = 0,1, . . . ,n — 1, satisfy the equations 

d+(AQ^d-Ao) = -m^An-iAQ^Ai, 
d+{A:^^d-Ai) — -m^AoA'^'^Az, 

: (2.29) 

d+iA-^^d-An-i) = -m^An-^A-l^An-i, 
d+{A-\-^d-An-i) = -m^An-iA-^_iAQ, 

which can be written as 

d+{A-''d-Aa) = -m^Y\A-'^^ (2.30) 
12 



where fl^^ are the matrix elements of the Cartan matrix of an affine Lie algebra of type 



A 



(1) . 

n-V 



(«aiS) 



V 



2 

-1 





-1 



-1 

2 

-1 









-1 

2 











2 
-1 








-1 

2 

-1 



-1 \ 







-1 

2 



(2.31) 



The equations (2.30) are of the standard form of the Toda equations associated with 

(1) 

the affine Lie group. 
2.3.2 Second type 

The abelian Toda equations of the second and third types arise when we use outer 
automorphisms of 0l„(C). For the equations of the second type n is odd, and for the 
equations of the third type n is even. 

Consider first the case of an odd n = 2s — 1, s > 2. In this case an abelian Toda 
equation arises when the automorphism A is defined by the equality 



(2.32) 



where h means the transpose of x,his a. diagonal matrix with the diagonal matrix 
elements 



and B is an n X n matrix of the form 

/I 



,w-fc+l 
'In 



— e 



2s-k 
4s-2' 



B 



\ 



-1 



The order of the automorphism A is 2n — 4s — 2 and the integer /? is 2s — 1. The 
mapping 7 is a diagonal matrix, and the mappings Fg, are mappings of R-^ to subject 
to the constraints 



A = 1, r2s-oi+l = / Oi = 2,. 



,,S. 



The mappings C±a are complex functions satisfying the equality 
and f or s > 2 the equalities 



C 



±(2s- 



,,S 



(2.33) 



(2.34) 



Let us choose the mappings T^, a = 2, . . . , s, as a complete set of mappings parame- 
terizing the mapping 7. Taking into account the equalities (2.33) and (2.34) we come 
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to the following set of independent equations equivalent to the Toda equation under 
consideration 



; (2.35) 

^+(-^5 ^d-Fg) = -c^gC_gFg ^ + c_^(g_;L)C_^g_^^rg_\rs. 

As above, in the case when the functions C-a and C+a have no zeros, using the trans- 
formation (2.17) and (2.18), one can show that the equations (2.35) are equivalent to 
the same equations, where C-a = C_ and C+a = C+ for some functions C_ and C+ 
which have no zeros and are subject to the conditions (2.26). If these functions are real, 
then with the help of an appropriate change of the coordinates z~ and z"*" we can come 
to the equations 

d+iF^^d.F^) = -m^F^'^r^ - r2), 

d+{F,-'d-F,) = -m\F^% - F2%\ 
d+{r-\d^Fg_,) = -m\F-_\F, - F-_\rg_,\ 

a+(r-ia_r,) = -m\r-^ - r-_\r,), 

where m is a nonzero constant, see also the papers [3, 31]. 
For s — 2 denoting r2 by F we have the equation 

d+iF-'^d-F) = -m^{F-^ - F). 

Putting r = exp(F) we obtain 

a+a-f = -m2[exp(-2f) -exp(f)]. 

This is the Tzitzeica equation [32] which is now usually called the Dodd-Bullough- 
Mikhailov equation [33, 3]. 

Let us show how the above equations are related to the Toda equations associated 

(2) 

with the ^25- 2 ^ffiri^ Lie group. Assume that s > 2. Introduce an additional mapping 
Aq which satisfies the equation 

a+(^oia_z^o) = -^r2 (2.36) 



and denote 

A^=l-^AlflF^, a = l,...,s-2, = 2-^+^^ T^. 

/3=2 /3=2 

Now one can get convinced that the mappings z^^, a = 0, 1, . . . , s — 1, satisfy the equa- 
tions of the form (2.30) where n = s and fla-jS the matrix elements of the Cartan 
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matrix of an affine Lie algebra of type A. 



(«a/3) — 



/ 

/ 


2 


-1 


•• 








\ 




-2 


2 


-1 •• 
















-1 


2 •• 













: 




: 




: .. 
•• 


: 

2 


: 

-1 













•• 


• -1 


2 


-1 


\ 








•• 





-2 


2/ 



In the case of s = 2 we again define the mapping with the help of the relation 
(2.36) and denote 

^i=2-i/3^2r2. 

After an appropriate rescaling of the coordinates z~ and z+ we come to the equations 
(2.30) where n — 2 and a^^ are the matrix elements of the Cartan matrix of an affine 

Lie algebra of type Aj^^ : 

= ( -4 2 ) • 



2.3.3 Third type 



In the case of an even n = 2s, s > 2, to come to an abelian Toda system one should use 
again the automorphism A defined by the relation (2.32) where now 



/ 1 
1 



B 



\ 



-1 



) 



and /z is a diagonal matrix with the diagonal matrix elements 



h. 



11 



'2n-2 



,2s-l 
'4s-2 



1, 



hii 



-.n—i+l 
'2n-2 



,2s-z+l 
'4s-2 ' 



z = 2,...,n. 

1 = 2s - 1, wi 



2, 



The number p characterizing the block structure is equal to n 
and Ucc — Hot a — 2, ... ,2s — 1. 

The mapping Ti is a mapping of to the Lie group S02(C) which is isomorphic 
to C^. Actually Ti is a 2 x 2 complex matrix valued function satisfying the relation 



h ^ ^^1 J 2 



where 



J2 



It is easy to show that Fi has the form 

ri = 



(A)n 




1 
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where (ri)ii is a mapping of to . The mappings Fa, a. = 2, ... ,2s — 1, are map- 
pings of R-^ to satisfying the relations 

r — 

2s-a+l oc ■ 

The mappings C_i, C+o are complex 1x2 matrix valued functions, the mappings 
C_o, C_|-i are complex 2x1 matrix valued functions. Here one has 

C_o = /2~^t_i, C+o = t+1/2. (2.37) 

The mappings C±a/ = 2, ...,/? — 1 = 2s — 2, are just complex functions, satisfying 
f or s > 2 the equalities 

C±(2s-oc) = -C±oc, a = 2, . . . , s - 1. (2.38) 

The mappings (ri)ii and F^, a = 2, . . . ,s, form a complete set of mappings param- 
eterizing the mapping 7. Taking into account the equalities (2.37) and (2.38) we come 
to the following set of independent equations equivalent to the Toda equation under 
consideration: 

a+((ri)^iia_(ri)ii) =- (c+i)ii(c_i)ii(ri)iYr2 + (C^i)2i(c_i)i2r2(ri)ii, 

+ (c^i)ii(c_i)i][(r2)]^2 ^z~^ (^+1)21 (^-1)12-^2 (-^1)11' 

d+{F^ ^^-^3) ~ ~ ^+3^-3-^3 ^-^4 + ^+2^-2^2 ^^3' 

^+(^s-\^~^s^l) = ~ C^(s-l)C_(s_i)-r;-l-n; + C+(s-2)^-(s-2)-^s-2^s-l' 

^+(-^5 ^d-Fg) = - Cj^gC_gFg ^ + c_|_^g_j^c_^g_j^rg_\rs. 

As well as for the first two types, under appropriate conditions these equations can 

be reduced to the equations with C-a = m, C+oc = m for a. = 2, ...,s, (C_i)ii = 
(C_i)i2 = m/ \/2 and (C+i)ii = (C+i)2i = ot/\/2, where m is a nonzero constant.^ 
Thus, we come to the equations 

d+iF,-'d-F,)=-^iF,-'-F,)F2, 

2 

d+iF^^d-F^) = - m%-'F, + ^(rf 1 + r,)r2, 

d+iF,-'d-F,) = - m\F^% - F2%), 
d+iF-\d-Fg_,) = - m\F-\F, - F-\F,_,\ 

d+{F-'d-F,) = - m\F-^ - r-\r,), 

where slightly abusing notation we denote {Fi)ii by Fi. 

^This choice is convenient for applications of the rational dressing method. 
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Introduce now an additional mapping which satisjfies the equation 



and denote 



The mappings Aa, (X- — 0, 1, . . .,s, satisfy the equations which, after an appropriate 
rescaling of the coordinates z~ and z+, take the form (2.30), where now n — s + 1 and 

(2) 

fl^lS are the matrix elements of the Cartan matrix of an affine Lie algebra of type -Ajgij: 



2 


-1 



(«aj6) = 






V 




2 

-1 







-1 
-1 

2 











2 

-1 








-1 

2 

-2 



\ 





-1 

2 



3 Soliton solutions 

In this section we compare two methods used to construct soliton solutions of the 
abelian Toda systems associated with the loop groups of the complex general linear 
groups. We restrict ourselves to the abelian Toda equations of the first type which 
have the form (2.28). 



3.1 Hirota's method 

It is convenient to treat the system (2.28) as an infinite system 

a+(r-ia_rj = -m\r-X+, - r-_\rj, (3.i) 

where the functions are defined for arbitrary integer values of the index a in the 
periodic way, 

rpc+n — Ja- (3.2) 

Following the Hirota's approach [6, 7, 8, 9, 10], one introduces T-functions con- 
nected with Fpi by the relation 

J^a = Ta/Ta_i, (3.3) 

where we assume that the T-functions are defined for all integer values of the index 
a. This change of variables is the essence of the Hirota's method. The periodicity 
condition (3.2) in terms of the T-functions takes the form 

It means that the ratio t^j+^/t,^ does not depend on a. Noting that 

r = rir2 . . . r„ = t„/to. 
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we write 

As was explained in the previous section, with the appropriate symmetry transforma- 
tion one can make F = 1. We will assume that the corresponding symmetry transfor- 
mation was performed, and, therefore, 

Tcc+n = Tc. (3.4) 

The equations (3.1) in terms of the T-f unctions look as 
Consider the following decoupling of the above equations 

a+(T-l a-Tj = (1 - T^_i T-^T^^i). (3.5) 

It is evident that if the T-functions satisfy these equations, then the functions 1^ defined 
by (3.3) satisfy the system (2.28). Moreover, it is easy to show that in this case the 
functions 

^oL— exp(— m^z"'"z~)Ta 

satisfy the system (2.29). 

It is convenient to rewrite the equations (3.5) in the form 

a+a-Ta - a+Ta a.x^ = ixl - t^_i t^+j). (3.6) 

These equations are of the Hirota bilinear type. Their solutions, leading to multi- 
soliton solutions of the system (2.28), can be found perturbatively in the following 
way. 

Consider a series expansion of the functions in some parameter e which will be 
set to one at the final step of the construction. So we represent the functions in the 
form 

T« = rf^ + eri^^ + + . . . , (3.7) 
and assume that t^^^ are constants. The periodicity condition (3.4) gives 

•^a+n — '■a I — u, J., . . . . 

Let us try to solve equations (3.6) order by order in e. Actually our goal is to find 
solutions for which the series (3.7) truncates at some finite order in e. In such a case 
we have an exact solution. 

Using the expansion (3.7), one obtains 

CO k 



Similarly one has 



k=0 £=Q 



CO k 
k=0 £=Q 
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Now, using the equality 



r2 ^ ^ okv- f^W Jk-£) m (k-e) 



we see that the equations (3.6) are equivalent to the equations 

E (t('-«3,3_t(" - 3,rt%-rP) =m^t f^i'' ^t'' - T<l\Ti5:/') - (3.8) 

which can be solved step by step starting from k — Q. 
For /c = one has 



that can be rewritten as 



_(0) _(0) _ (0) (0) _ ^ 

OL—l OL+l — ' 

^(0) /_(0) _ _(0) / (0) 



It is clear that the general solution to this relation is 

rf = 4%', (3.9) 

where d is an arbitrary constant. Recall that the Toda equations (3.1) are invariant with 
respect to the multiplication of all Fa by the same constant. From the point of view 
of the T-functions this is equivalent to the multiplication of the function by the ccth 
power of the constant. Hence, different values of the constant d in the relation (3.9) 
correspond to the functions connected by a rescaling. Moreover, dividing all T- 
f unctions by the same constant we do not change the functions F^. Therefore, actually 
without any loss of generality, one can put 



-f^ = 1. (3.10) 



Using this equality, we rewrite (3.8) as 



^=0 £=1 

+».^EK'-^-''-e\ef). (3-11) 

where fl^^e are the matrix elements of the Cartan matrix (2.31) of an affine Lie alge- 

(1) 

bra of type Thus, we see that at each step we should solve a system of linear 

differential equations. 

In particular, for A: = 1 one has to solve the system of equations 

a+a.ri^^ - m2 a,^ xf = 0. (3.12) 

It is easy to find solutions of these equations using the eigenvectors Qp of the Cartan 
matrix (aajs) which are given by 

(ep)« = ^'^^ = 0, 1, . . . , n - 1. (3.13) 
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Here the corresponding eigenvalues are 



Kp = 2 — Cn — = 4sm^(7zp/n). 

(1) 

Let us assume that the functions ' are of the form 



PC — £_i '-'Oil/ 



(3.14) 



where 

Eoci = 4"^'^^' exp[m Kp.iC;'z- + CiZ+) + Si]. (3.15) 

Here pi is an integer from the interval from 1 to n — 1, ^/ and are arbitrary complex 
numbers. Note that the choice pi = is excluded because it gives a constant contri- 
bution to the T-functions which can be included into ri*^^ . Then after a corresponding 
rescaling one can satisfy the normalization (3.10). For definiteness we assume that 

Kp = -i(e^^^ - e~P^^) = 2sin(7Tp/n). (3.16) 

Certainly, the ansatz (3.14) does not give a general solution to the equations (3.12) but 
it ensures truncation of the expansion (3.7). 
For k — 2 the equations (3.11) have the form 



jS=0 



n-l 



(2) 



a+a-T(^ O-Tg, -\- m [Toe Tec — T^_iT^_,_iJ. 



.(1) 



Using the equalities 



d-E^i — mxp.^i ^E^i, ^+Eai — niKp^QEp^i, 



{^)-^ v-t; , (1) , 2/ (1) (1) (1) (1) ^ 



one obtains 

- ^cc 
,2 r 



Note that in the case of r = 1 we have 

and we can put r'^ — 0. This gives the one-soliton solutions 

1 + e^^"+^) exp[m Kp(r ^z" + ^z+) + 5] 



^az'i^afa* (3.17) 



1 + er exp[m Kp(r ^z" + Cz+) + ^] 



(3.18) 



(2) 

In the case when r > 1 the equality (3.17) suggests to look for t,^ ' of the form 



(2)_1 i 
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Here one can easily jfind that 

M-l 



/3=0 
.2 r 



(2) 



and, therefore. 



that can be written as 



(3.19) 



The quantities t//^/^ symmetric with respect to the indices z'l, i2 and they turn to zero 
when ii — i2. Hence one can write 



-(2) 



Vhi2^cii\^0Li2- 

l<h<h<r 

.(3) 



It can be shown that when r = 2 one can choose — 0. In general, it can be shown 
that for i < r one can choose 



r. 



E 

l<ii<i2<—<ie<r 



I n ^ijh I ^ociyEai2 ■ ■ ■ Eai( 

\i<i<k<e / 



(£) 

and T> — for ^ > r. In other words, the equations (3.6) have the following solutions 

(3.20) 



T« = 1 + E ^'^^ + E 



E I n ^ijk I ^a/i^a!2 • • • ^oit( 

l<ii<i2<-<k<r \l<i<k<£ 



3.2 Rational dressing 

Since for any m e the matrices c- (m) and c+(m) commute,^ it is obvious that 

7 = In, (3.21) 

where 7„ is the n x n unit matrix, is a solution to the Toda equation (2.15). Denote a 
mapping of x to GL„(C) which generates the corresponding connection by cp. 
Using the equalities (2.11) and (2.14) and remembering that in our case L = 1, we write 



^Actually in the case under consideration c_ and c+ are constant mappings. 
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where the matrices c_ and c+ are dejfined by the relation (2.27). 

To construct more interesting solutions to the Toda equations we will look for a 
mapping tp, such that the mapping 

cp' = (p\p (3.22) 

would generate a connection satisfying the grading condition and the gauge-fixing 
constraint a;+o = 0. 

For any m G M-^ the mapping ipm defined by the equality ^mip) — ^{m, p), p £ S^, 
is a smooth mapping of to GL„ (C) . Recall that we treat as a subset of the complex 
plane which, in turn, will be treated as a subset of the Riemann sphere. Assume that it 
is possible to extend analytically each mapping tpfn to all of the Riemann sphere. As the 
result we get a mapping of the direct product of and the Riemann sphere to GL„ (C) 
which we also denote by tp. Suppose that for any fn ^Mp- the analytic extension of tpm 
results in a rational mapping regular at the points and oo, hence the name rational 
dressing. Below, for each point p of the Riemann sphere we denote by tpp the mapping 
of to GL„(C) defined by the equality tpp(fn) = ip(fn, p). 

Since we deal with the Toda equations described in section 2.3.1, that is, the map- 
ping xp is generated by a mapping of M? to the loop group £fl,„(GL„(C)) with the 
automorphism a defined by the relations (2.23) and (2.22), for any m e and p E 
we should have 

xp{m,enp) = hxp(fn,p)h^^, (3.23) 

where his a diagonal matrix described by the relation (2.22). The equality (3.23) means 
that two rational mappings coincide on S^, therefore, they must coincide on the entire 
Riemann sphere. 

A mapping, satisfying the equality (3.23), can be constructed by the following pro- 
cedure. Let X be an arbitrary mapping of the direct product of R'^ and the Riemann 
sphere to GL„ (C) . Let a be a linear operator acting on x as 

ax{m,p) = hxim,en^p)h^'^. 
It is easy to get convinced that the mapping 

k=l 

satisfies the relation axp = xp which is equivalent to the equality (3.23). Note that 

a"x = X- 

To construct a rational mapping satisfying (3.23) we start with a rational mapping 
regular at the points and oo and having poles at r different nonzero points i = 
1, . . . , r. Concretely speaking, we consider a mapping x of the form 

X= (in + nf^ Y^^i I ^0' 

where P/ are some smooth mappings of R^ to the algebra Mat„(C) of n x n complex 
matrices and xo is a mapping of R-^ to the Lie subgroup of GL„(C) formed by the 
elements g e GL„ (C) satisfying the equality 

hgh-^ = g. (3.24) 
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Actually this subgroup coincides with the subgroup Gq. The averaging procedure 
leads to the mapping 

^-(in + tt T^l^^'P^^''] (3.25) 

\ i=l k=l ^ ^n¥-i J 

where xpQ — nxo- It is convenient to assume that }if ^ ]ij for all / j. 

Denote by tp~^ the mapping of M? x to GL„(C) defined by the relation 



ip ^{m,p) = {\p{m,p)) 



-1 



Suppose that for any fixed m G the mapping of to GL„(C) can be extended 
analytically to a mapping of the Riemann sphere to GL„ (C) and as the result we obtain 
a rational mapping of the same structure as the mapping ^, 

\ i=l fc=l ^ w j 

with the pole positions satisfying the conditions Vf 7^ 0, v" 7^ v" for all z 7^ and 
additionally v" / for any / and We will denote the mapping of the direct product 

of R'^ and the Riemann sphere to GL„ (C) again by t/^"^. 
By definition, the equality 

is valid at all points of the direct product of and S^. Since xp~^^ is a rational map- 
ping, the above equality is valid at all points of the direct product of and the Rie- 
mann sphere. Hence, the residues of xp~^ip at the points V/ and jij should be equal to 
zero. Explicitly we have 

Qi (in + tt -^n^h'Pjh-' ] = 0, (3.27) 




In this case due to the relation (3.23) the residues of tp~^tp at the points £^}ii and e^Vi 
vanish for k = 1, . . . , n. We will discuss later how to satisfy these relations, and now 
let us consider what connection is generated by the mapping cp' defined by (3.22) with 
the mapping possessing the prescribed properties. 

Using the representation (3.22), we obtain for the components of the connection 
generated by cp' the expressions 

iv- = xp-'^d-ip + \-'^tp-'^c-ip, (3.29) 
u)+ = ^p~'^d+^p + Axp~'^c+^p. (3.30) 

We see that the component tv- is a rational mapping which has simple poles at the 
points Vi and zero.^*^ Similarly, the component a;+ is a rational mapping which has 



^•^Here and below discussing the holomorphic properties of mappings and functions we assume tiiat 
the point of the space is arbitrary but fixed. 
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simple poles at the points fii, Vf and injfinity. We are looking for a connection which 
satisfies the grading and gauge- fixing conditions. The grading condition in our case 
is the requirement that for each point of the component co- is rational and has the 
only simple pole at zero, while the component a;+ is rational and has the only simple 
pole at infinity. Hence, we demand that the residues of co- and co+ at the points jij 
and Vj should vanish. In this case, as above, due to the relation (3.23) the residues of 
cv- and cv+ at the points e^^j and e^Vi vanish fork — 1, . . . , n. 

The residues of cv- and iv+ at the points Vf are equal to zero if and only if 

(a-Qi - vr'QiC-) (h + tt -^n^h'Pjh-n = 0, (3.31) 

(a+Qf - ViQiC+) (in + tt ^\ h'Pjh-A = 0, (3.32) 

respectively. Similarly, the requirement of vanishing of the residues at the points fii 
gives the relations 

^n + LL ^\ i^-Pi + F7'c-Pi) = 0, (3.33) 

j=l k=l V-i ^n^i J 

In + LL ^\ ^'Q/^"M i^+Pi + l^iC+Pi) = 0. (3.34) 

;=1 fc=l V-i ^n^i ) 

To obtain the relations (3.31)-(3.34) we made use of the equalities (3.27), (3.28). 

Suppose that we have succeeded in satisfying the relations (3.27), (3.28) and (3.31)- 
(3.34). In such a case from the equalities (3.29) and (3.30) it follows that the connection 
under consideration satisfies the grading condition. 

It is easy to see from (3.30) that 

a;+(m,0) ^ f~^{m)d+ipo{m). 

Taking into account that co+o{rh) = £<;+(w,0), we conclude that the gauge-fixing con- 
straint 07-1-0 = is equivalent to the relation 

d+tpo = 0. (3.35) 

Assuming that this relation is satisfied, we come to a connection satisfying both the 
grading condition and the gauge-fixing condition. 

Recall that if a flat connection co satisfies the grading and gauge-fixing conditions, 
then there exist a mapping 7 from to G and mappings c_ and C-|- of R^ to 0_i and 
Q+i, respectively, such that the representation (2.14) for tih.e components cv- and cv+ is 
valid. In general, the mappings c_ and c+ parameterizing the connection components 
may be different from the mappings c_ and c+ which determine the mapping cp. Let 
us denote the mappings corresponding to the connection under consideration by 7', 
c'_ and c'_|_. Thus, we have 

^-'^d^ip + \-^^-'^c-ip = 7'-ia_7' + A-ic'_, (3.36) 
^-'^d+ip + \^-'^c+ip = Ay-^cVy. (3.37) 
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Note that tpoo is a mapping of to the Lie subgroup of GL„ (C) defined by the relation 
(3.24). Recall that this subgroup coincides with Go, and denote tpoo by 7. From the 
relation (3.36) we obtain the equality 

j'~^d-j' — 7~^3_7. 

The same relation (3.36) gives 

tpo'^c-xpo = c'_. 

Impose the condition i/^o = In, which is consistent with (3.35). Here we have 



Finally, from (3.37) we obtain 



We see that if we impose the condition ijjQ = In, then the components of the connection 
under consideration have the form given by (2.14) where 7 = ipoo. 

Thus, to find solutions to Toda equations under consideration, we can use the fol- 
lowing procedure. Fix 2r complex numbers and v/. Find matrix-valued functions Pf 
and Qi satisfying the relations (3.27), (3.28) and (3.31)-(3.34). With the help of (3.25), 
(3.26), assuming that 

^0 = In, 

construct the mappings xp and Then, the mapping 

7^ Ipoo (3.38) 

satisfies the Toda equation (2.15). 

Let us return to the relations (3.27), (3.28). It can be shown that, if we suppose 
that the matrices P/ and Qi are of maximum rank, then we get the trivial solution of 
the Toda equation given by (3.21). Hence, we will assume that P, and Qi are not of 
maximum rank. The simplest case here is given by matrices of rank one which can be 
represented as 

Pi = u/wi, Qi = x/y,-, 

where u, w, x and y are n-dimensional column vectors. This representation allows one 
to write the relations (3.27) and (3.28) as 

+ 1:1; ( Vi^'«/) V"' = 0' (3-39) 

;=1 fc=l ^nFj 

M-1 yp-]^ 7n-\i\„ 

Y i£!L^ = „5 (3.41) 

where is the residue of division of ; by n, we can rewrite (3.39) in components 
terms, 

r 

yik + nJ^{Ri,)ijWji,^0. (3.42) 

;=1 



Using the identity 
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Here the r xr matrices are dejfined. as 



rj £=i 

The same identity (3.41) allows one to write component form of (3.40) as 

r 

Uik + « E XjkiSk)ji = 0, (3.43) 



where 



1 



K V. — n.n- k-£ n., ^ 



With the help of the equality 

Tl 1 I Z 1 1 Yi — I Z I Yi 

it is straightforward to demonstrate that 

Consequently, we can write the equation (3.43) as 

1 

Uik - Wi E ^77c- ) /i = 0- (3-44) 

;=i ^; 

We use the equations (3.42) and (3.44) to express the vectors wi and xi via the vectors 
Ui and yi, 

1 ^ 1^1 

'^ik = -- E(^fc ^^-fc = - E Ujk-{Rkli)jm- 

As the result, we come to the following solution of the relations (3.27) and (3.28): 

{Pi)ki = -^-Utk i2{RJ^)ijyji, iQi)k£ = ^ E Ujk^{R^li)iiViyi£- 

Further, it follows from (3.39) and (3.40) that, to fulfill also (3.31)-(3.34), it is suffi- 
cient to satisfy the equations 

^-Vi = vf'^^c-yi, d+yi = v/c+x/i, (3.45) 
d-Uj = —fi7^C-Ui, d+Ui = —fiiC+Ui. (3.46) 

The n-dimensional column vectors 6p, defined by the relation (3.13), are eigenvectors 
of the matrices ^c_, ^c+, c_ and C-^, 

*c-9p — mCnOp, ^c+6p — mcn^dp, C-Qp — mcn^dp, c+9p — mCnOp, 

and form a basis in the space C". Hence, the general solution of the equations (3.45) 
and (3.46) can be written in the form 

Uik — ^ipCff e pii^') ^ y^y^ = dip€ff e '\ 
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where cip, dip are arbitrary constants and 

Thus, we see that it is possible to satisfy (3.27), (3.28) and (3.31)-(3.34). This gives 
us solutions of the Toda equations (2.28). Let us show that they can be written in a 
simple determinant form. 

Using (3.38) and (3.25), one gets 

j = tp^ = i„ + f^f^h''p,h-K 

For the matrix elements of 7 this gives the expression 
Hence, we have 

r 

To this expression can also be given the form 

Fix — 1 — Up^Rp^ y^, 

where Ua and are r-dimensional column vectors with the components w/a. and y/^^, 
respectively. 

We assume for convenience that the functions Mf^ and yf^ are defined for arbitrary 
integral values of a and 

^i,ix+n ^iar yi,a.+n }/icc 

The periodicity of R^c in the index a follows from the definition. It appears that it is 
more appropriate to use quasi- periodic quantities ya and Ra, defined as 

Rcc = N-^RccM", 
where N and M are diagonal r xr matrices given by 

M; = vAj, Mij = jliSij. 

For these quantities one has quasi-periodicity conditions 

Uoi+n = M^Ua, }/ix+n = N "ya, 
Ra+n = N-^'RocM'- 

The expression of the matrix elements of the matrices through the functions y^^ and 
Uicn has a remarkably simple form [3] 
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In terms of the quasi-periodic quantities, for the functions Fx we have 



Foe — 1 ^Uf^Rf^ ^Va' 



and it can be shown that 



Foc^ 



det(R^ -yjug) 
detR„ 



Using the explicit form of R^, one comes to the equality 
Therefore, one can write [3] 



Fee 



det Ra 



+1 



deti^« 



(3.48) 



3.3 Solitons through the rational dressing 



To obtain a one-soliton solution one puts r = 1. In this case Ra are ordinary functions 
for which one has the expression 



" p,(r=l 

It is not difficult to verify that 



Thus one obtains the following expression for Rp,'- 



1 — ]iv ^e^^'^ 



p,(r=l l-}iV 

To obtain a solution which depends on only one combination of z~ and z"*" we 
suppose that Cp is different from zero for only one value of p which we denote by I, 
and that dg- is different from zero for only two values of a which we denote by / and 
K. In this case we arrive at a simplified version of R^/ that is 



Ra — pi V c/e 



1 - ^v-^ei+^ 
and the corresponding solution can be written as 



1 — }iv~^en 



where 



_i ,+; l + d4''"^^^''+'^e^-^(^)-^-/(^) 
^"^"^ ^" l + d4^-^^^e^-M-^-/M ' 
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Making use of the freedom in multiplying a solution by a constant, we can write the 

obtained solution as (3.18), where p — K — J, Kp is defined by (3.16), ^ = — ie„ ^^"^^^^^v, 
and S is a constant introduced by the relation exp 5 = d. Thus we arrive at the one- 
soliton solution obtained before by the Hirota's method. 

In the case of r > 1 (multi-soliton construction) we suppose that for any i the 
coefficients c/p are different from zero for only one value of p which we denote by 7j, 
and that the coefficients di^r are different from zero for only two values of a which we 
denote by // and Kf. This leads to the following expression for the matrix elements of 
the matrices R^: 



1 d 



X 



{Ki-Ji)(t 



_i , „Z_K,(v/)-Z-f.(v,-) gn 

-1 h+Ji di 1 -1 ^i+^i 



V-jSri ci.e 



Immediately we see from (3.48) that the solution in question has the form 



Fa 



! = 1 



detR' 



(3.49) 



where the matrices are defined by 



J (K,-Ji)oc 

^^gZ_K.(Vi)-Z_;.(v,) 4 



1 u M-'^Ji^^^ dj. 



1 -1 h+'^i 

1 - }i-v^ 'e^ 



Using the matrices D defined in appendix A.l, we rewrite the expression for R'^ in the 
form 

Ji 

It is clear that instead of R- one can use in the relation (3.49) the matrices R" defined as 

Ji k=l 

Using the equality (A.3), one comes to the expression 



r 

ij^i X £=1 



£=1 £=1 



(3.50) 



£=1 



where 
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and, with a slight abuse of notation. 



£=1 £=1 
d; — . 

e=i £=1 

Utilizing the expression (3.50) and having in mind the freedom in multiplying a solu- 
tion by a constant, we write the solution under consideration as follows: 



detr« 



+1 



detT« 



Defining pi = Ki — Jj, = — ie„ ^^''^J'^^'^y. and introducing constants Sj satisfying the 
relations exp = di, one can write 



{Toc)ij = 5ij + 4'" exp[OTKp,. (^j"^z" + ^fZ+) + ^f] — 



(3.51) 



It is proved in appendix A.2 that 



detT«+i = H- + £ 

i=l £^1 



l<ix<i2<...<i(<r \l<j<k<£ 



(3.52) 



where the functions E^f and j/,^f^ are defined by the relations (3.15) and (3.19) respec- 
tively. Thus, we come to the multi-soliton solutions which coincide with those ob- 
tained by the Hirota's method. The Hirota's T-functions (3.20) are given by the equal- 
ity 

Toe = detT^+i. 

It is clear that the quantities ///^./^ here make the same sense as do the normal ordering 
coefficients effectively describing the interaction between solitons in the vertex oper- 
ators approach of Olive, Turok and Underwood [14, 15]. We refer the reader to the 
papers [10, 34, 35] for some more specific properties of such coefficients. 



4 Conclusion 

In this paper we have considered abelian Toda systems associated with the loop groups 
of the complex general linear groups. We have reviewed two different approaches to 
construct soliton solutions to these equations in the untwisted case, namely, the Hi- 
rota's and rational dressing methods. Subsequently, basic ingredients representing 
soliton solutions within the frameworks of these methods have been explicitly related. 
As we have seen in section 3.2, the rational dressing method allows one to construct 
solutions to the loop Toda equations, presenting them as the ratio of the determinants 
of specific matrices (3.47), (3.48), and they actually represent a class of solutions be- 
ing wider than that formed by the soliton solutions of the Hirota's method in section 
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3.1: By setting the initial-data coefficients arising in the rational dressing method to 
some specific values we have shown in section 3.3 that the Hirota's soliton solutions 
are contained among the solutions constructed by the rational dressing approach. 

Note also that the reduction to the systems based on the loop groups of the complex 
special linear groups can easily be performed. 

Our consideration can be generalized to Toda systems based on other loop groups, 
such as twisted loop groups of the complex general linear groups, twisted and un- 
twisted loop groups of the complex orthogonal and symplectic groups. However, one 
should take into account that the change of field variables in the Hirota's method is 
more tricky there, and besides, when applying the rational dressing to obtain soliton 
solutions, one faces that the pole positions of the dressing meromorphic mappings 
and their inverse ones are to be related, just due to the group conditions. These cir- 
cumstances make part of the formulae more intricate than in the general linear case 
considered in the present paper. We will address to this problem and present our 
results in some future publications. 

This work was supported in part by the Russian Foundation for Basic Research 
under grant #07-01-00234. 



Appendix 

A.l Some properties of the matrices D 

In this appendix we investigate r xr matrices D{f,g) with matrix elements given by 
the equality 

Let us show that for the matrix elements of the inverse matrix D~^{f,g) one has the 
representation 

fl(fi-8i)flifj-8i) 

e=i 1=1 

/;nfe-^on(/;-^) 

To prove the above equality one has to demonstrate that 



E —r -, = (A.2) 

"-'//(/■ -a) rite- ft) n(//-/<) 

1=1 £=1 
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Consider the set of meromorphic functions of z defined as 

Fijif'S^z) = '-^r 



{fi-^)Yl(si-^) 

i=\ 

The residue of ffy(/,g, z) at infinity is equal to zero, therefore, the sum of the residues 
at the point // and at the points gn, I = 1, . . . , r, is also zero. Hence we have the 
following equality 

fl(fi-8k) flifi-fi) 

^ i^i ^ _ tfl 

'=^{fi-8k)f\{gi-gk) fife-//) 

1=1 e=i 

and, therefore, 

fi flih - 8k) fl(/; - gi) fi flifi - h) fl(// - 8i) 

fjifi - 8k) n(8i - 8k) fl(/; - fi) fi fl(/f - gi) flifi - fi) 

i=i {=1 i=i {=1 

Now, taking into account the identity 



nif-fi)/Uifj-fi)-^ii' 



i^i £^j 

we see that the relation (A.2) is true. Thus the equivalent relation (A.l) is also true. 
In a similar way one can prove the validity of the equality 

fillifi-fi)fl(fj-8i) 

^ i=l £=l 
L ^rk{l8)^kiif'8) = -r • (A.3) 

""-^ f,V&fi-8i)\\{ji-fi) 

i=\ i=\ 

A.2 Proof of relation (3.52) 

Proceeding from the relation (3.51), one obtains 

(T'a+l)?7 — ^ii + y 



h - fi 
fi-fi' 
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^'^^'■^ ~ /2 II 

and the functions E(^i are defined by the relation (3.15). Then it is not difficult to get 
convinced that 



detT«+i = l + J]£«,+ J] 

i=l 1=2 



_l<ii<i2<—<ii<r 



(A.5) 



where _ 

//; - fij 



TteSi ;=1 Jij Ji„(^j) 

As is customary, we denote by the symmetric group on the set {1, 2, ... , and by 
sgn( tt) the signature of the permutation n. 
For ^ — 1 one has 



lll2 



2 _ (/'I fh)(fi2 fh) _ ifh /'2)(/'2 fh' 



Using the definition (A.4) of // and fi, we see that the quantities fji^i^ coincide with the 
coefficients rji^j^ defined by the relation (3.19). 
Let us prove by induction that 

Viti2...ie^ n Vijk- (A.6) 

l<i<k<i 

Certainly, f or ^ = 2 the equality (A.6) is valid. Suppose that it is valid up to some fixed 
value of £ and show that it is valid for its value incremented by one. 

The group can be identified with a subgroup of S£_|_i formed by the permutations 
71 G S^_|_i satisfying the condition n{i + 1) = i + 1. Denote by Tim, ^ = 1/ • • • / ^/ the 
transposition exchanging m and £ + 1 and represent the group S£_^i as the union of the 
right cosets SgTtm- This allows us to write 

e ^+1 f,. - fi. 

m=l neSe j=l Jij Jininmii)) 

It is not difficult to realize that 

2^ Sgn^TTj 1 i 7 _ , ~ (f -f )(f -f) ^''-''^fim^fiM ' 

neS( J=^Jlj J^ninmU)) ^rn Jle+l)\Jle+l Jim) 

and that _ _ _ 

I _ YJ ^-^V+i ~ fij)ifim ~ fij) 
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Using these equalities in (A. 7), we obtain 

Vh-ieie+x — Vh-ie 

ifii+i ~ fie+i) Y\(fk+i ~ fij) g n(/% ~ fij) 

r-r^ E-r^=^-7Tr— (^-s' 

n^/^'f+l ~ fij) (fim ~ fe+i) n (fm ~ fij) 

Now consider a meromorphic function of z defined as 

ri(^-A) 

HfJ^z) = 



^+1 

i^-feJlli^-fij) 



The equality of the sum of the residues of F{f, f,z) to zero gives the relation 

. Aifim-fij) m-m-A) nifn^r-fj) 

^ ;=1 ;=1 /=1 



(/% ~ n ^fm ~ fij) Y\^fie+\ ~ fij) ^fie+1 ~ fe+i) Y\^fie+i ~ fj) 
;=1 ;=1 ;=1 



Using it in (A.8), we come to the equality 

(fij ~ fif:+i)ifif-i ~ fij) 
i=l {fij ~ fi^+x ) ife+i ~ fij ) ;'=1 
that gives (A.6). It is clear that (A.5) and (A.6) prove the validity of (3.52). 



_ -p-r yjlj Jl(: + lJ\JU-l JljJ _ -p-r 

Vii-itii+i — Vii-itl LJ2 ~ ^77 ~ — Vii-itl L^ijie+i 
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